In this study, we analyzed a common form of experimental investigation of blood vessels, in which measurements are obtained with branches ligated. Utilizing representative pressure and flow pulses and the full expression for the equation of motion, we calculated the axial pressure gradient, in the time domain at a plane in the descending aorta. The time function representing the ratio between axial pressure gradient and axial flow for the resulting tapering geometry was subjected to Fourier analysis. The harmonics were utilized to obtain the real and imaginary components of the longitudinal impedance as if it were a linear system. In a linear system, the real and imaginary components represent the viscous and inertial properties of the fluid, respectively. For the system studied, however, the real part contained both viscous and substantial in-phase components arising from the inertial terms of the equation of motion. The real part, therefore, cannot be interpreted as indicative solely of dissipated energy. When measurements are obtained from an adulterated system, caution must be exercised if the interpretation is to be considered that of the real system. The analysis clarifies an anomalous issue concerning resistive features of the aorta. (Circ Res 52: 143-150, 1983) 
SUMMARY. In this study, we analyzed a common form of experimental investigation of blood vessels, in which measurements are obtained with branches ligated. Utilizing representative pressure and flow pulses and the full expression for the equation of motion, we calculated the axial pressure gradient, in the time domain at a plane in the descending aorta. The time function representing the ratio between axial pressure gradient and axial flow for the resulting tapering geometry was subjected to Fourier analysis. The harmonics were utilized to obtain the real and imaginary components of the longitudinal impedance as if it were a linear system. In a linear system, the real and imaginary components represent the viscous and inertial properties of the fluid, respectively. For the system studied, however, the real part contained both viscous and substantial in-phase components arising from the inertial terms of the equation of motion. The real part, therefore, cannot be interpreted as indicative solely of dissipated energy. When measurements are obtained from an adulterated system, caution must be exercised if the interpretation is to be considered that of the real system. The analysis clarifies an anomalous issue concerning resistive features of the aorta. (Circ Res 52: 143-150, 1983) THE changing shape of a compound pulse wave propagating in a complex system with frequencydependent properties can result from harmonic dispersion, disparate attenuation, and reflection. The last, i.e., the concept of a propagated wave consisting of an antegrade plus a retrograde wave, suggests an intriguing potential for obtaining information from inaccessible regions of the mammalian circulation by measurements at accessible sites.
The amplitude of the systemic arterial pressure pulse has been observed to increase with distance from the ventricle since the studies by Spengler (1843) and Volkmann (1850) . Yet, identification of the responsible physiological mechanisms remains controversial. Hamilton and Dow (1939) and Hamilton (1944) , on the basis of experimental observations, concluded in favor of reflection against the peripheral vasculature, whereas Peterson and Gerst (1956) , discounting such reflection, concluded that dispersion and attenuation in the conduit arteries are responsible.
The relationship between the temporal means of the pressure difference and flow is defined as a resistance that embodies the viscous properties of the system. With pulsatile pressure and flow, the equivalent relationship is defined as impedance. Since impedance is a system property, it varies throughout the circulation, and it is this variation that introduces the potential for pulse reflection. Womersley (1957) , building on Witzig's work (1914) , introduced the longitudinal impedance per unit length, Z^, which, when complemented with Jager's (1965) transverse impedance times length, uniquely characterizes the properties of a short seg-ment of uniform artery. These impedance concepts derive from the linearized Navier-Stokes equation and linearized wall properties.
Longitudinal impedance per unit length is defined as = -(dp/dz)/Q (la)
where p denotes pressure, Q flow, and z the axial coordinate. For any harmonic component (U=2TT{),
where p is the density of blood contained in a vessel with radius r 0 and F ]0 = 2ji(aj 3/2 )/aj 3/2 J 0 (aj 3/2 ). Jo and Ji are Bessel functions, a 2 = (wp//i)ro 2 , n denotes blood viscosity, and j = (-1) 1/2 . As Z^is generally a complex number, it may be separated into real and imaginary parts, i.e.,
where R relates to viscous losses and L to inertial effects. Both R and L may be normalized to yield the quantities R Q and L a , for example (Fry et al., 1964) , by
(2b) L tt = uL/pu.
The normalized quantities are a-dependent such that R Q increases, while L Q decreases with increasing a Westerhof et al., 1970; Noordergraaf, 1978) .
To test the validity of the predicted values for R a and L a (Womersley, 1957) , Fry et al. (1964) measured pressures, flows, and diameter in the descending thoracic aorta of dogs. They found excellent agreement between predicted and experiment-based L Q values, whereas experiment-based R a values were found to exceed predicted values by as much as an order of magnitude, i.e., viscous attenuation of the pulse appeared to be much greater than theory predicted. Welkowitz (1977) , utilizing a model for the aorta with impedance matching (i.e., no reflection) at and beyond the aorto-iliac junction, developed pressure and flow waveforms resembling those in the mammalian circulation. This model suggests that aortic parameters are adequate to configure the pressure and flow pulses. The model relates to a descending aorta with the branches (intercostals) ligated, as did Fry's experiments. Welkowitz employed values for resistance of a magnitude similar to those found by Fry et al.
In these model and experimental studies, the descending aorta (with branches tied) is treated as a tapered tube (Patel, 1963; Arndt et al., 1971; Gonza et al., 1972) . If impedance matching exists for antegrade waves at branch sites (Westerhof et al., 1970; Cox and Pace, 1975) , elimination of the branches may transform a system with no local reflection into a system with significant local reflection. Furthermore, in such a system, mean flow in the aorta, which would normally reduce with distance through loss via branches, remains unchanged.
Causal factors for the high resistance were postulated (Fry et al., 1964) and include (1) secondary flows and entrance effects due to proximity to the heart, (2) turbulence, (3) secondary flows related to suspended cells, (4) convective acceleration related to vessel taper, (5) phase shifts between pressure and vessel geometric response (i.e., wall viscoelastic effects), and (6) alteration of shear-dependent fluid viscosity.
Two distinct considerations are contained within these postulates. One is that the energy dissipated is actually much higher than predicted. The other is that the resistance parameter does not only contain a dissipative loss but also includes an in-phase component related to nonlinearities in the system (postulate 4). This paper reports an analysis of the anomalous resistance parameter and isolates the probable cause of the large discrepancy between theoretical and experimental determinations.
Methods
The analysis considers a descending aorta with the intercostal branches tied to simulate the experimental conditions underlying previous work (Fry et al., 1964) .
Information concerned with geometric taper of the descending thoracic aorta is limited. External dimensions obtained, via a mechanical gauge, in large dogs were reported (Patel et al., 1963) , but differed somewhat from those obtained via radiographs (Arndt et al., 1971; Gonza et al., 1972) . Consequently, measurements were obtained in house, using acrylic casts of the descending thoracic aorta for two (approximately 20-kg) dogs. Casting pressure was 100 mm Hg; the values obtained agreed closely with those derived via radiographs.
In the computations, certain approximations were made which included: (1) the fluid is considered homogeneous;
(2) the flow is radially symmetric and laminar; (3) the elastic nodulus of the wall is constant through the loading range; (4) the viscous component of the wall is negligible. These approximations avoid the introduction of additional nonlinearity in the fluid, nonlinearity via a load-dependent elastic modulus, and untoward losses via error in phase shifts related to wall viscoelasticity (3rd paragraph, col. 1, p. 144, postulates 2, 3, and 5). Geometric alteration was expressed in a conventional manner, that assumes complete axial tethering, for comparison to predicted values (Womersley, 1957) .
Here S is the vessel cross-sectional area, v, the instantaneous internal radius, h the instantaneous wall thickness, and E the elastic modulus. The wall was considered to be of constant volume in the plane over which gradients were computed, i.e., dh/h = -dn/n.
Representative harmonic content was obtained by use of pressure and flow pulses recorded in the normal dog at the mid-thoracic aorta. These measurements were obtained from an animal of a size representative of those from which our casts were obtained. In general, however, this is not critical; similar harmonics, for example, are represented in such pulses in man (Mills et al., 1970) . Similar results were also obtained utilizing previously published wave forms from this region (Attinger, 1965) . The pulses are well represented in their first six harmonics.
The pressure signal was obtained with a high fidelity catheter tip manometer with a response that was flat to well above the pulse frequency content (Millar, frequency response 0 to 20 kHz). The flow signal was obtained with an electromagnetic flow transducer and meter (Biotronex Laboratory, Inc.) having simple first order filter characteristics, i.e., the transfer function is
where ej and e 0 are input and output signals, respectively, Ri and Rf are input and feedback resistors, respectively, and C is the feedback capacitor. The signal, obtained with the 3 db setting at 50 Hz, was corrected in the frequency domain using the inverse transform. Since phase error in flow can contribute to the apparent resistance, this was examined by imposing the worst case condition for the flowmeter, i.e., 3 db breakpoint at 25 Hz (the values of R f and C were 910 KOhms and 0.0068 /if). Fourier moduli and phases were adjusted accordingly and the flow signal reconstructed. Computations were then accomplished in the time domain for both corrected and shifted flow signals, according to methods described below.
The pressure and flow pulses were digitized and utilized, with the parameters listed in Table 1 to compute the time course of the axial pressure gradient (-dp/dz) at a plane. This was accomplished on the basis of the full nonlinear 1.055 equation of motion (Navier-Stokes) using a method reported in greater detail elsewhere (Melbin and Noordergraaf, 1982) . Steady state, i.e., solution independence of the assumed initial condition (flat velocity profile), was achieved after one cycle. A summary of the method for determining -dp/dz and subsequent velocities follows. The expressions utilized include the classic expression (Navier-Stokes) for axial (z coordinate) velocity and an expression for radial velocity developed on the basis of fluid particle motion in the T-8 plane (r = radial coordinate, 8 = azimuthal coordinate). For symmetrical flow in a circular vessel of small geometric axial taper, where radial velocities occur as a result of vessel distension, the expressions appear as dVz/dt + Vr(dVz/dr) + Vz(dVz/dz) = -dp/p dz
Vr = (km, -krO/dt -kVzv// (6) In these expressions and those that follow, Vz = Vz(k) and Vr = Vr(k), i.e., the axial and radial velocities are both functions of k. k = r/n, i// = -bxjdz, and v is the kinematic viscosity. Subscripts 1 denote variables after dt time elapses, e.g., ru = r s + (an/at) dt, etc. If the measured flow signal Q(t) results from the mean axial velocity over the cross-section, and axial pressure gradient is assumed uniform over the plane of computation, it follows that: -a P /az = (p/S)(dQ/dt) + 2p sJLo [Vz(avz/az) + (Vr/ri)(avz/ak) -u((i/ri 2 )(avz/ak + a 2 Vz/ak 2 ) (7) + a 2 Vz/az 2 )]kdk Subsequently, this gradient determines velocity profiles over the cycle period.
From continuity we obtain, = -2(dri/dt + 2Vz^i)/(ri + 4dr,)
and a 2 Vz/az 2 follows directly. ki evolves from an ordinary, linear differential equation, valid on a stream tube. For a symmetric, circular tube, where the stream tubes expand uniformly with vessel distension (i.e., the number of stream tubes remains consistent), the solution is:
(aVz/2az + The gradients aVz/ak and a 2 Vz/ak 2 are obtained in the computer processing form:
To examine the effects of conventional assumptions (linear solution, \p = 0) on the resistance parameter and velocity profiles, these latter are determined for the same measured flow with both the full nonlinear solution with \p T^ 0, as well as with the linear solution with \p = 0.
The problem was processed on a digital computer (DEC 11/34). Stability requires the size of Ak and At to be related such that vd 2 Vz/dr 2 £• aVz/at. Accordingly, Ak was taken as 0.04 and At as 0.0055 second. Smaller partitioning did not provide appreciable differences in results so that extended processing time was not warranted.
The three variables, pressure, flow, and pressure gra-dient, were resolved into their Fourier harmonics by a direct Fourier transform algorithm. From this information, the components of pressure gradient and flow that are in phase (real part) were separated from the imaginary components in accordance with Equation 1. R,, and L Q were then determined as a function of a in accordance with Equation 2. This permits analysis of experiment-based results, as had been done (Fry et al., 1964) , with respect to those predicted by linear theory (Womersley, 1957) . This was accomplished by separately determining the real and imaginary contributions by the inertial and viscous terms (Eq. 11) of the equation of motion to L,, and R,,.
Results
For the circumstances of this analysis, the introduction of vascular taper affected both the convective acceleration term (VzaVz/dz), and the term VrdVz/6r in the equation of motion. These terms (which are normally small in the nontapered tube of similar compliance) are manifested primarily during the portion of the cycle where flow is significant. Results are greatly dependent on all aspects of the problem, both on values of the parameters and of the variables (see Discussion). Figure 1 illustrates the variables utilized for the example, i.e., pressure and flow as time functions and as moduli and phases of their Fourier components (bar graphs). The zero harmonics for amplitudes are the mean values. In the illustration, the total pressure drop per unit length (-dp/dz) is derived in the time domain from the above two variables and the parameters listed in Table 1 . The Fourier components illustrated here are for the total gradient (-dp/dz, solid curve). Curves representing separately the inertial terms = p(dVz/dt + VrdVz/ar + VzdVz/dz), (lla) (dotted line) and the viscous terms = n(d 2 Vz/dr 2 + (l/r)3Vz/3r + d 2 Vz/dz 2 ) (lib) (dashed line) are also illustrated.
Over the cycle, the root mean square (RMS) contributions of the terms will vary with the imposed conditions. Table 2 summarizes their contributions for three conditions where the same measured flow is utilized in the computations. Figure 2 illustrates results derived from the temporal variables (shown in Fig. 1) , compared with data reported by others. In panels a and b, the dotted lines represent Womersley's (1957) theoretical values for linear, steady state solutions for the straight, axially tethered tube. The shaded regions depict the standard error range about the mean reported by Fry et al. (1964) for the descending thoracic aorta. These latter data, derived from experiments with five "large" mongrel dogs, were analyzed for six harmonics as for a linearized system (Eqs. 1 and 2). The solid lines are our results for the first eight harmonics of -dp/dz and Q, utilizing the full, nonlinear equation of motion and \(/ ¥= 0. In panel a, the solid line marked 1 results from utilization of the moduli and phases for -dp/dz with those of Q. The solid line marked 2 results from utilization of the moduli and phases derived from only the viscous terms (Eq. lib) along with those of Q.
In our analysis, the smaller vascular dimensions resulted in lower values of a 2 . Also, the low magnitudes and large phase shifts of the harmonics greater than the 5th (Fig. 1) makes computations involving the higher harmonics subject to greater error.
The pressure gradient derived via experimental measurements (Fry et al., 1964) utilized two pressures, two flows, and the instantaneous vessel radius. The gradient derived in the present analysis utilized a single pressure and flow signal and the vascular parameters. Details are considered in the Discussion. Regardless of these distinctions, L Q 's, from both approaches, meander in the region predicted by Womersley for the linear system, whereas both the R,, of Fry's study and that of the present determination, utilizing the total dp/dz, are considerably greater. Figure 2 exposes the artificial nature of the apparent large resistance. For a linear system, all in-phase contributions are represented in R o . The components comprising the magnitudes of each harmonic are shown in the bar graphs of panels c and d as a function of frequency (embodied in a 2 ). All shaded bars originate from the inertial terms in Equation lla, and all the open bars from the viscous terms in Equation lib-not from a system with either n or p equal to zero. Their temporal contributions are illustrated in Figure lc as dotted and broken lines, respectively. Figure 2 illustrates a consequence of treating a nonlinear system with the linear process expressed in Equations 1 and 2. The linear, viscous terms do not generate inertial contributions to L o . The small inertial values seen in Figure 2d (open bars) represent the noise or error in the overall processing (A-D conversions, time-frequency domain transformations, computational techniques, and numerical error). In con- Womersley's (1957) solution for R a and L a in a tethered vessel for the linear, steady state (dotted lines); shaded regions depict the range for the SEM'S derived by Fry (1964) ; solid lines depict results for R a (graph 1) and L a using total -dp/dz as illustrated in Figure 1 . Graph 2 is /?" computed from only viscous terms in the equation of motion. Parts c and d: contributions toR a and L " from inertia! terms of -dp/dz (shaded bars) and from viscous terms of -dp/dz (open bars). 52, No. 2, February 1983 trast to the viscous terms, however, the inertial terms generate substantial contributions to R u represented as graph #1 in panel a (Fig. 2c, shaded bars) . These, however, represent conversions of potential energy (pressure) to the kinetic rather than to the thermal form and are not "lost" with respect to flow or pressure pulse propagation. R u values derived from only the viscous terms and Q (Fig. 2, panel a, graph  2) , in fact, are generally only slightly greater in the tapered tube than that predicted by Womersley (1957) for the straight tube. All R Q , derived from each of the conditions (nonlinear, \p ^ 0; nonlinear, \p 5^ 0, but using uncorrected flow data; linear assumption and xp = 0) where the in- phase viscous components were utilized with Q, support the predicted low value of resistance in the aorta. These data are presented in Table 2 . Figure 3 illustrates the velocity profiles (normalized to the maximum free stream velocity (85.1 cm/sec) deriving from the nonlinear solution for the tapered vessel (condition 1)) for two conditions. Condition 2 is for the same flow with the assumption of linearity (VzdVz/dz = 0) and no taper. The solid lines derive from condition 1 and the dotted lines from condition 2. In general, with condition 1, for the period of large flows, the boundary layers are larger (less shear concentrated at the wall) than those resulting from condition 2. Condition 1 also derives slightly greater maximal velocities that generally lead (with respect to cycle time) those of condition 2. Condition 1 also indicates a slightly greater tendency for backflow; the diverging tube may be expected to be more favorable for flow in this direction.
Panel c of

Discussion
The nonlinear system, from which evolved the data illustrated in Figures 1 and 2 , contains interactive components, each of which contributes to their temporal variation. For example, time-varying vascular dimension (radius) and cross-sectional area taper (and these are interdependent) develop nonlinear compliant load responses, even with constant E. These responses in turn affect subsequent geometry through the cycle, etc. Ling et al. (1973) report, comprehensively, nonlinear contributions in the descending thoracic aorta.
The results developed here ( Figs. 1 and 2) illustrate the probable source for the large R a values reported by Fry et al. (1964) and subsequently utilized (Welkowitz, 1977) to reproduce pulses in the descending aorta. The representative flow and pressure pulses, which provided the representative set of Fourier harmonics used in our computations, were drawn from a system with branches intact. One would expect some variation if these were obtained in the tapered aorta, i.e., with branches ligated. However, Fry et al. illustrate, schematically, for the descending aorta with branches tied, the same variables which appear of similar frequency content. The vessel loading response is also approximated (Eq. 3) and deliberately omits its small, viscous component.
Panels c and d of Figure 2 warrant comment. Substantial in-phase components can appear in the nonlinear system, even when inviscid. When a nonlinear system is handled with such linear procedures, all inphase components are, by definition, assigned to R o , i.e., assigned as resistive (thermal) losses or damping even if some derive from inertial terms. However, the pressure drop (-dp/dz) resulting from the conversion of potential to kinetic energy (inertial terms) may have very different consequences with respect to flows in a vessel. Such conversions are not lost to the process of driving flows (as are thermal) and are available for reconversion to pressure in accordance with instantaneous parameter relationships. Although a linear model represents most phenomena observed in the intact systemic circulation (Li et al., 1981) , when experimental measurements are used with linear models, the viscous losses can be artificially increased in the interpretation (see also Ling and Atabek, 1972; Imaeda and Goodman, 1980) . This is so because, with omission of the convective term (VzdVz/dz, an inertial term), the existing pressure gradient must be balanced among the remaining terms. In our solutions, the % RMS value for a major contributor to the viscous components (d 2 Vz/dr 2 ) was increased about 5% with the linear assumption (note also that xp was assumed 0). This is also seen in Table  2 in which the resistive parameter, R a , appears greatest, and may be deduced from Figure 3 in which smaller boundary layers imply shear concentration and increased viscous losses.
Since major flows occur only during part of the cycle, the major in-phase component of the pressure gradient occurs during this period (Fig. 1) . It is this component that contributes to the true resistivity. Consequently, the resistivity is not wholly correlatable with the R a expressed as the magnitude of each harmonic using total -3p/dz. Under the present experimental circumstances, the inertial contribution to each harmonic magnitude of R a is generally greater than the viscous contribution (Fig. 2c ). However, if the inertial contribution is removed initially, in the time domain, the true resistivity is seen to be in the order of that expected, regardless of whether or not the flow signal is corrected or whether or not linear assumptions are made (see Results).
The viscous terms represent linear phenomena, do not generate quadrature components, and are strongly flow-dependent. The fluid boundary layer diminishes as flow accelerates; the flattening velocity profile concentrates shears near the wall with resultant increased viscous loss. In the intact branched system, this is also the case (Ling et al., 1973) . In the adulterated (unbranched, tapered) system, this is enhanced during flow acceleration because of the axially diminishing cross-section and the retention of total flow. Here also,.variation of the velocity profile ranges from very flat during flow acceleration to disparate axial velocities over the radius after this period (see Fig. 3 ). Imaeda and Goodman (1980) provide a detailed analysis of relevant contributors to flow phenomena in such a system. However, the presence of branches in the real system has yet to be assessed with respect to these topics, as well as to pulse transmission.
The shaded regions of Figure 2 (data from Fry, 1964) , i.e., standard errors of the means, represent considerable scatter. This may be expected, considering the manner in which components, in the nonlinear system, contribute. For example, vessel diameter affects absolute cross-section as well as axial cross-sectional taper, the loading response, and flow pulses. For a given flow, the terms in the equation of motion are altered so that the system is not generally amenable to normalization by, for example, a dimension parameter as in a linear system. Consequently, certain manipulations, in the presence of nonlinearity, may be reflected in large variation of computed variables with the contributions of biological variation, in the sample population, artificially enhanced. Negative values of parameters (e.g., R a ) are possible which, of course, are physically nonrealizable.
With respect to cellular contribution to thermal losses, Chow (1975) reports that the effective viscosity, of a fluid containing cellular elements, may increase if slip-collision occurs. This viscosity is decreased, however, as the concentration of cells increases toward the center of the tube so that the overall viscosity is less than with evenly distributed cells. With respect to contributions by wall viscoelasticity, Cox and Pace (1975) , utilizing linear concepts, conclude that the dissipative energy loss (about 6% of input power) in aortic regions relates to the wall properties and not to fluid viscosity. Blood pressure was measured by a catheter inserted into an intercostal artery, and a comment is appropriate regarding measurement of pressure with side-ported probes. Such measurements, ideally, do not represent energy in the pulse which exists in kinetic form. Consequently, pressure drops cannot be automatically fully ascribed to resistive losses, either in the wall or fluid.
